Abstract.-Many authors have proposed scenarios for mass extinctions that consist of multiple pulses or stages, but little work has been done on accounting for the Signor-Lipps effect in such extinction scenarios. Here we introduce a method for computing confidence intervals for the time or stratigraphic distance separating two extinction pulses in a pulsed extinction event, taking into account the incompleteness of the fossil record. We base our method on a flexible likelihood ratio test framework that is able to test whether the fossil record is consistent with any extinction scenario, whether simultaneous, pulsed, or otherwise. As an illustration, we apply our method to a data set on marine invertebrates from the Permo-Triassic boundary of Meishan, China. Using this data set, we show that the fossil record of ostracodes and that of brachiopods are each consistent with simultaneous extinction, and that these two extinction pulses are separated by 720,000 to 1.2 million years with 95% confidence. With appropriate data, our method could also be applied in other situations, such as tests of origination patterns, coordinated stasis, and recovery after a mass extinction.
Introduction
Most previous work on the Signor-Lipps effect (Signor and Lipps 1982) has focused on estimating the time or stratigraphic position of a mass extinction event in which taxa are thought to have gone extinct simultaneously (Strauss and Sadler 1989; Springer 1990; Marshall 1995; Marshall and Ward 1996; Solow 1996; Wang and Marshall 2004) . Many authors, however, have proposed mass extinction scenarios in which taxa go extinct in distinct pulses or stages (e.g., Stanley and Yang 1994; Knoll et al. 1996; Paul et al. 1999; McGhee 2001; Isozaki 2002; Keller et al. 2003; Xie et al. 2005) . Little methodology has been developed for quantifying characteristics of such pulsed extinction events. In this paper, we introduce a method for estimating the separation or duration of a two-pulse extinction event. Using a likelihood-based method, we demonstrate how to compute a confidence interval for the elapsed time or stratigraphic distance separating the two extinction pulses.
To derive our confidence interval, we take advantage of the fact that confidence intervals are intrinsically related to hypothesis tests. Therefore, we first describe a flexible likelihood-based framework for testing any mass extinction scenario, whether simultaneous, pulsed, or otherwise. Using this hypothesis test, we generate a joint confidence region that shows the times or locations of the two extinction pulses that are consistent with the fossil record. We then use this region to graphically determine a confidence interval for the time or stratigraphic distance separating the two pulses. We also derive a simple algebraic formula for the confidence interval. To illustrate, we apply our method to a data set on marine invertebrates from the Permo-Triassic boundary of Meishan, China (Jin et al. 2000) , and estimate that end-Permian ostracode and brachiopod extinctions were separated by 720,000 to 1.22 million years with 95% confidence.
Ostracodes and Brachiopods in the End-Permian Extinction
The end-Permian extinction was the most severe mass extinction of the Phanerozoic, with over 90% of all marine species being eliminated (Jin et al. 2000) . The best-studied Permo-Triassic marine boundary sections in the world are those at Meishan in South China FIGURE 1. Stratigraphic ranges of ostracode and brachiopod genera used in this study, redrawn from Figure 2 of Jin et al. (2000) . All 21 ostracode genera and 13 brachiopod genera given by Jin et al. (2000: Fig. 2) are included; no genera have been selectively excluded. Ostracodes are numbered as genera 1-21; brachiopods are numbered as genera 22-34. Left axis gives time in Ma as given by Jin et al. (2000) ; right axis gives time in Myr after the beginning of the section. (Jin et al. 2000) . To demonstrate our confidence interval method, we use data on stratigraphic ranges of ostracodes and brachiopods from Meishan (Jin et al. 2000 ; transcribed from their Figure 2 ). These data give the times of fossil finds of 21 genera of ostracodes and 13 genera of brachiopods, ranging from 250.55 Ma to 253.72 Ma (Fig. 1) . In subsequent analyses, we refer to these genera by indices from 1 to 34, with genera 1-21 referring to the ostracodes and 22-34 to the brachiopods.
For our analyses, it is necessary to express the data in units of time after the beginning of the section (or equivalently, stratigraphic distance above the base of the section), rather than as absolute ages. We therefore subtract the time of each fossil find from 253.72 Ma, the time corresponding to the base of the section (Jin et al. 2000: Fig 2) . For instance, a fossil brachiopod dated to 251.02 Ma would be recorded as 253.72 Ϫ 251.02 ϭ 2.70 Ma after the beginning of the section. Thus our time or distance values increase toward the top of the section.
From these data ( Fig. 1 We can use existing methods (Solow 1996; Wang and Marshall 2004) to answer questions (1) and (2). In this paper, we develop a method for answering question (3), which has not previously been addressed. Our approach is to calculate a confidence interval for the time separating the extinction of ostracodes and the extinction of brachiopods. Our confidence interval method is based on a flexible hypothesis test framework that can be adapted to model a variety of extinction scenarios. We therefore begin by describing this hypothesis test.
A Flexible Framework for Specifying Extinction Hypotheses
Here we describe the hypothesis test on which our confidence interval method is FIGURE 2. Examples of extinction scenarios that can be tested using our framework. A, Simultaneous extinction of all five taxa at time t 1 . B, Two-pulse (stepwise) extinction; taxa 1-3 go extinct at time t 1 and taxa 4 and 5 at time t 4 .
based. Most previous work has focused on testing whether or not extinctions were simultaneous (Strauss and Sadler 1989; Springer 1990; Marshall 1995; Marshall and Ward 1996; Solow 1996; Wagner 2000 ; but see Solow and Smith 2000) . Simultaneous extinction is taken as the null hypothesis because it is mathematically tractable, and because it offers a single explanation for multiple extinctions and is therefore parsimonious.
In order to develop our confidence interval methodology, we require a hypothesis test framework that can test pulsed extinction hypotheses as well as simultaneous extinction hypotheses. Here we introduce such a framework that is able to test any kind of extinction scenario, whether simultaneous, pulsed, or gradual, or some combination thereof. We later describe how to use the hypothesis test to calculate confidence intervals for the time separating the extinction pulses.
We first define the notation we will use. Let G denote the number of genera in a section that are victims of the mass extinction; here G ϭ 34 (ϭ 21 ostracode genera ϩ 13 brachiopod genera). Let 1 , ..., G denote the unknown true extinction times of genera 1 through G, and let t 1 , ..., t G denote the hypothesized extinction times we wish to test. (In our examples we refer to genera, but the method applies equally well to data at any taxonomic level. The method can also be used for data recorded as stratigraphic positions, as is usually the case, rather than time.)
Our goal is to test whether the extinctions in fact occurred at the hypothesized extinction Figure 2B shows an example in which three taxa are hypothesized to go extinct at time t 1 ϭ t 2 ϭ t 3 and two others at time t 4 ϭ t 5 . Such a scenario might be expected in the case of an extinction caused by multiple catastrophic events (e.g., Stanley and Yang 1994; Knoll et al. 1996; Paul et al. 1999; McGhee 2001; Isozaki 2002; Keller et al. 2003; Xie et al. 2005) .
Other Extinction Scenarios. A gradual extinction can be modeled in our framework by using unequal t's (t 1 t 2 · · · t G ). Combinations of simultaneous, pulsed, and gradual extinctions can be accommodated as well. In practice, however, it is difficult to test such scenarios because t 1 , ..., t G must be specified in advance, which is rarely possible for scenarios involving gradual extinctions. We therefore do not discuss such scenarios further.
In general, hypothesis tests require that the null hypothesis be specified in advance. In our case, this means that the hypothesized extinction times t 1 , ..., t G must be specified before observing the data. Such hypothesized extinction times may be known if there is independent geophysical or geochemical evidence, or if times are hypothesized from one data set and tested using a different data set. Even when hypothesized times are not known in advance, however, we show below that simultaneous extinction scenarios can still be tested in our framework. Furthermore, as we also show, the hypothesis test for pulsed extinctions can be used to compute confidence intervals for the time separating pulses even when extinction times are not known in advance.
Calculating the Likelihood Ratio
In this section we show how to use the likelihood ratio (Casella and Berger 2002) to test hypotheses specified using the framework described above.
Likelihood-based models have been used in the paleontological literature in many contexts (e.g., Solow 1996; Huelsenbeck and Rannala 1997; Foote 1997; Solow and Smith 1997, 2000; Wagner 2000; McConway and Sims 2004) . Solow (1996) used a likelihood-based approach to testing for simultaneous extinctions. Our approach is similar to Solow's, but we extend the methodology to pulsed extinctions. Wagner (2000) described a likelihoodbased approach to testing the number of pulses in a mass extinction event. Our approach differs from Wagner's in several respects: (1) Wagner does not extend his method to calculating confidence intervals, as we do here; (2) Wagner's model applies to data collected by discrete sampling, whereas ours applies to continuous sampling; (3) Wagner's approach focuses on testing the number of biological or sampling parameters, whereas ours focuses on how much the data deviate from the expectations of particular hypotheses.
For simplicity, we assume continuous sampling and uniform preservation and recovery of fossil taxa. Although these are strong assumptions, they are reasonable for some data sets (Macellari 1986 ) and have commonly been assumed in the literature (Strauss and Sadler 1989; Springer 1990; Marshall 1995; Marshall and Ward 1996; Solow 1996; Solow and Smith 2000) . For the Meishan ostracode and brachiopod data, Jin et al. (2000) state that collection intensity was uniform with no sampling gaps.
Recovery potential may nonetheless be nonuniform owing to changes in abundance, but such variation is difficult to quantify.
Notation. Let n i denote the number of fossil finds or horizons for genus i; for example, in Figure 1 n 1 ϭ 6, n 2 ϭ 2, n 3 ϭ 2, etc. Let x ij denote the time of the jth fossil find for genus i; the index i runs from genera 1 through G, and the index j runs from fossil finds 1 through n i . For example, for genus 1 in Figure 1 , we have 
the likelihood of the hypothesized extinction times t 1 , ..., t G , given the observed fossil finds
numerically equal to the probability (to be precise, the joint probability density function) of observing the fossil finds x 1 , ..., x G if t 1 , ..., t G were the true extinction times. However, the likelihood differs conceptually from the joint probability in that it is considered a function of the hypothesized times (conditional on the data), whereas the joint probability is considered a function of the data (conditional on the hypothesized times). That is, the likelihood measures how well a particular set of hypothesized extinction times t 1 , ..., t G (as opposed to some other set of extinction times) accounts for the fossil finds x 1 , ..., x G . On the other hand, the joint probability measures the chances of observing a particular set of fossil finds x 1 , ..., x G (as opposed to some other set of fossil finds) assuming the extinction truly occurred at times t 1 , ..., t G . The Likelihood Ratio Statistic. To measure the strength of evidence against the null hypothesis, we use the likelihood ratio statistic, denoted by : From the assumption of uniform preservation and recovery, it follows that for each genus i, the times of the n i fossil finds X ij are distributed uniformly over the interval [0, i ]. Using this result, we can show (see Appendix 1) that the likelihood ratio statistic is equal to 
An Illustration: Meishan Ostracodes and Brachiopods
To illustrate the likelihood ratio test and our confidence interval method, we apply our method to the data set of 21 ostracode and 13 brachiopod genera described above. Our goal is to compute a confidence interval for the time separating the ostracode and brachiopod extinction pulses. In order for this quantity to be meaningful, it is first necessary to establish that (1) all ostracode extinctions were simultaneous, (2) all brachiopod extinctions were simultaneous, and (3) the ostracode extinction pulse did not occur at the same time as the brachiopod extinction pulse. We therefore begin by using the likelihood ratio test to demonstrate that the fossil record at Meishan is consistent with a simultaneous extinction of all 21 ostracode genera and with a simultaneous extinction of all 13 brachiopod genera. Next, using the likelihood ratio test we show that the ostracode extinction pulse and the brachiopod extinction pulse do not appear to The sampling distribution is a chi-square distribution with 2G degrees of freedom, where G ϭ 21 is the number of ostracode genera. Using a significance level of ␣ ϭ 0.05, the rejection region (for which we reject the null hypothesis) comprises the highest 5% of values. This region corresponds to Ϫ2 log Ͼ 58.1 and is shaded in gray.
be synchronous. Finally, we estimate the time separating the ostracode and brachiopod extinction pulses using our confidence interval method.
Hypothesis Test I: Ostracodes. We first test the hypothesis that all 21 ostracode genera went extinct simultaneously. The corresponding null hypothesis in our framework is
where t os denotes the common extinction time for the ostracode genera (i.e., t os ϭ t 1 ϭ t 2 ϭ · · · ϭ t 21 ). However, what we want to test is not whether all genera went extinct simultaneously at some particular time t os , but whether they went extinct simultaneously at any time-a hypothesis of the form
In our framework, this hypothesis can be tested by setting t os in equation (4) equal to the latest fossil find among the genera in question. This procedure, equivalent to the generalized likelihood ratio test (Casella and Berger 2002) , maximizes the likelihood function over all possible common extinction times. For the Meishan data, the latest ostracode occurs at 2.33 Myr after the beginning of the section (an absolute date of 251.39 Ma), so we set t os ϭ 2.33 Myr in equation (4). Of all possible common extinction times, this value is the most consistent with the observed fossil record and therefore the most difficult to reject. Therefore, if our test rejects this value for a common extinction time, it would reject any other value of t os as well. To be specific, any value of t os Ͼ2.33 would yield a larger value of Ϫ2 log and thus be rejected, and any value of t os Ͻ2.33 would make the observed data impossible and thus be rejected as well. We are thereby able to test a hypothesis of simultaneous extinction (occurring at any time) in our framework. This procedure is a continuous analogue of the discrete test given by Wagner (2000) , and it is equivalent to the continuous test described by Solow (1996) , although Solow does not generalize his result to pulsed extinctions as we do below.
To test the hypothesis given by equation (4), we calculate the test statistic Ϫ2 log . As described above, this test statistic has a chisquare distribution with 42 (ϭ2 ϫ 21) degrees of freedom when the null hypothesis is true; this sampling distribution is shown in Figure  3 . The 95th percentile of this distribution is 2 42,.95 ϭ 58.1. Therefore the rejection region for the hypothesis test (comprising the highest 5% of the area under the curve) occurs when Ϫ2 log Ն 58.1 (shaded region in Fig. 3 ). For the ostracode data, the observed value of Ϫ2 log is 52.1, calculated using equation (2): As can be seen in Figure 3 , this value is somewhat large but not large enough to fall in the rejection region (the corresponding p-value is 0.14). We therefore fail to reject H 0 and conclude that the fossil record of these 21 ostracode genera is consistent with a simultaneous extinction. Hypothesis Test II: Brachiopods. We next test the null hypothesis that all 13 brachiopod gen-FIGURE 4. Stratigraphic ranges of ostracode and brachiopod genera. The fossil record is consistent with a simultaneous extinction of each group. However, we reject the hypothesis of synchronous extinction of ostracodes and brachiopods together. We therefore estimate the time separating the ostracode extinction pulse and the brachiopod extinction pulse (represented by arrow). era went extinct simultaneously. The corresponding null hypothesis is (2), far below the cutoff needed to reject the null hypothesis (p ϭ 0.73). We therefore fail to reject H 0 and conclude that the fossil record of these 13 brachiopod genera is consistent with a simultaneous extinction.
Hypothesis Test III: Simultaneous Extinction. Because hypothesis tests I and II concluded that the fossil record of each group is consistent with a simultaneous extinction, we now test whether the ostracode and brachiopod extinction pulses were synchronous. In our framework, the corresponding null hypothesis is H : ϭ ϭ · · · ϭ ϭ 3.17 0 1 2 3 4 because 3.17 Myr after the beginning of the section is the time of the latest fossil find among any of the 34 genera. Under this null hypothesis, the test statistic Ϫ2 log has a chisquare distribution with 68 degrees of freedom, and the 95th percentile of this distribution is 2 68,.95 ϭ 88.3. The observed value of Ϫ2 log is 168.4, calculated using equation (2), far beyond the cutoff needed to reject the null hypothesis (p ϭ 0.00000000017). We therefore reject H 0 and conclude that ostracodes and brachiopods did not go extinct at the same time.
Estimating the Time Separating Extinction Pulses: A Graphical Procedure
Because we have rejected a simultaneous extinction time for ostracodes and brachiopods, it is natural to ask how much time separated their two extinction pulses (Fig. 4) .
Here we introduce a method for creating a confidence interval to estimate this time, ( br Ϫ os ). We begin by defining a joint confidence region for the two extinction pulses, and we then use this region to graphically determine a confidence interval for the time separating the two extinction pulses. To do so, we exploit the relationship between hypothesis tests and confidence intervals: a confidence interval is the set of parameter values that would not be rejected by a hypothesis test.
Joint Confidence Region for os and br . A joint
confidence region is a two-dimensional analogue of a confidence interval, consisting of all points (t os , t br ) for which the null hypothesis (5) is consistent with the observed fossil record. The 95% joint confidence region, consisting of all points (t os , t br ) consistent with the observed fossil record, is shown as a gray triangular region in Figure 5 . . Points in the 95% confidence region (gray shaded area) are values of (t os, t br ) for which the fossil record is consistent with an ostracode extinction pulse at time t os and a brachiopod extinction pulse at time t br , using a hypothesis test with ␣ ϭ 0.05. For instance, the point (2.4, 3.3) is shaded in gray, indicating that the fossil record is consistent with an ostracode extinction pulse at 2.4 Myr after the beginning of the section and a brachiopod extinction pulse at 3.3 Myr after the beginning of the section. The vertical dashed line marks the time (y os ) of the latest ostracode fossil find; the horizontal dashed line marks the time (y br ) of the latest brachiopod fossil find. The area to the left and below these dashed lines consists of impossible values for (t os, t br ) because the genera were extant. The diagonal dotted curve (given by equation 7) is the boundary of the rejection region. The area above the dotted curve consists of values of (t os, t br ) that are rejected by a hypothesis test with ␣ ϭ 0.05 and are therefore implausible. Figure 5 can be used to graphically determine a confidence interval for ( br Ϫ os ), the time separating the two extinction pulses. Note that t br increases toward the top of Figure  5 , and t os decreases toward the left. Therefore, the difference (t br Ϫ t os ) increases toward the top left of the graph. Hence the largest value of (t br Ϫ t os ) that is consistent with the observed data is found at the top left vertex of the joint confidence region. This point has co- 
Determining the Confidence Interval for ( br Ϫ os ).
This interval is conservative in that its probability of being correct is at least 95% for all values of os and br ; the actual coverage probability is usually slightly higher. This occurs because there may be data values that would lead us to reject the true values of os and br , but that would nonetheless yield an interval containing ( br Ϫ os ). Using the statistical software R, we ran simulations to determine the empirical coverage probability of our method. We found that intervals generated using equation (6) were correct (in that they contained the true difference [ br Ϫ os ]) in 96.7%
of simulated random samples, so empirically the method does work (at least) 95% of the time. A formal proof of the correctness of the interval is given in Appendix 3.
Estimating the Time Separating Extinction Pulses: A Simple Formula
The endpoints of the confidence interval given in (6) can also be expressed as a simple algebraic formula. Let k and (G Ϫ k) represent the number of ostracode and brachiopod genera, respectively, and let N os and N br represent the total number of fossil finds for these genera; that is, N os ϭ and N br ϭ
Note that the joint confidence region (Fig. 5 ) is bounded by three sides. Two of these are the straight lines t os ϭ y os and t br ϭ y br , where y os denotes the time of the latest fossil find among all ostracode genera and y br is defined similarly for the brachiopod genera. For the Meishan data, y os ϭ 2.33 Myr and y br ϭ 3.17 Myr. Values to the left of t os ϭ 2.33 Myr or below t br ϭ 3.17 Myr are impossible, as they would result in genera going extinct before their latest fossil finds. The third side is given by the curve whose equation is which the null hypothesis is not rejected, whereas points above this line are those for which the null hypothesis is rejected. Using this information, we can express the confidence interval for ( br Ϫ os ) in terms of simple algebraic formulas. The lower endpoint of the confidence interval (corresponding to the bottom right corner of the joint confidence region) is the intersection of equation (7) and the line t br ϭ y br . The upper endpoint (corresponding to the top left corner of the joint confidence region) is the intersection of equation (7) and the line t os ϭ y os . Solving for these intersections (see Appendix 4 for details), we obtain the following formulas for the confidence interval for ( br Ϫ os ): 1.22 Myr), which is the same as the interval we determined graphically in the previous section. Thus, based on their stratigraphic ranges, we are 95% confident that the ostracode extinction pulse and the brachiopod extinction pulse were separated by 720,000 to 1.22 million years.
Discussion
Most previous work on statistical methods for mass extinctions has focused on hypothesis tests and confidence intervals for simultaneous extinctions. For pulsed extinction events, however, no quantitative methods have been developed that account for the Signor-Lipps effect. We have described a method for estimating the time separating two extinction pulses in a pulsed extinction event that accounts for the incompleteness of the fossil record.
The Permian Meishan data set we used here was expressed in units of time. In the more common case of data expressed in units of stratigraphic distance, our method may be applied to compute a confidence interval for the distance separating the two extinction horizons. If the sedimentation rate is known and constant, it may be possible to convert this interval to one expressed in units of time.
Our data set dealt with the extinction of two taxonomic groups (ostracodes and brachiopods), but our methodology is applicable to other types of comparisons as well. For instance, if data are available, one could estimate the time separating the extinctions of groups of taxa having different ecological roles, life habits, larval strategies, or other characteristics. It is important to note that the two groups of taxa must be specified a priori according to FIGURE 6. Examples of additional situations in which the methodology presented here can be applied. A, Estimating the time or stratigraphic distance separating two sets of simultaneous originations. Such a situation might arise in the study of recovery after a mass extinction. B, Testing whether a set of taxa go extinct simultaneously at the same time as a set of simultaneous originations. Such a situation might arise in the study of coordinated stasis. C, Estimating the time or stratigraphic distance separating a mass extinction from its recovery.
the traits of the fossil organisms, not according to their apparent extinction patterns.
An intriguing application of our method would be to estimate the time separating terrestrial and marine extinction pulses in a mass extinction. For example, Twitchett et al. (2001) present data from a Permo-Triassic boundary section in Greenland preserving both an abundant marine fauna and terrestrial palynomorphs. Such sections are rare, however, and typically multiple sections will need to be correlated and calibrated to place them on a single time or thickness scale. For such a resulting composite section, correlation methods exist that can estimate error bars on the relative position of fossil finds projected from different source sections (Sadler and Cooper 2003; Sadler 2004 ). Incorporating such error estimates into our methodology is a topic for further research.
Our method can also be ''reversed'' to compute confidence intervals for the time separating origination pulses, allowing tests of recovery patterns following mass extinctions (Payne et al. 2006) . A simplified example is shown in Figure 6A . The method can also be applied to both extinction and origination in a single section, thus allowing tests for the clustering of first and last occurrences that characterizes coordinated stasis (Brett and Baird 1995) (Fig. 6B) . The method can also be used to estimate the time separating an extinction event and its subsequent recovery (Wilf and Johnson 2004; Ward et al. 2005) (Fig.  6C) .
Our model assumes continuous sampling with uniform preservation and recovery potential. In particular, the assumption of uniform preservation and recovery is a strong one. If recovery potential is in fact decreasing over time (as would be expected if populations were in decline), then range extensions will likely be underestimated, and the calculated confidence interval will be too narrow. On the other hand, if recovery potential is increasing over time (as would be expected if populations were growing), the calculated confidence interval will likely be overly conservative (i.e., wider than necessary). Future work will aim to relax the assumption of uniform recovery potential. To do so, it will be necessary to estimate recovery potential quantitatively, perhaps using additional information such as water depth (Holland 2003) 
( ϭ 0 otherwise), which is identical to equation (1) above.
Appendix 2
The Sampling Distribution of Ϫ2 log
Here we show that the sampling distribution of Ϫ2 log , twice the negative logarithm of the likelihood ratio statistic, has a chi-square distribution with 2G degrees of freedom, where G denotes the number of genera. As given earlier, Ϫ2 log is defined as follows: 
(take negatives and exponentiate) To find the probability density function (pdf) of W i , f(w), we take the derivative of the cdf found above:
This last expression is the pdf of an exponential distribution with rate parameter n i , so W i has an exponential(n i ) distribution. It then follows from standard statistical theory that the product 2n i W i has an exponential(1/2) distribution, which is equivalent to a chi-square(2) distribution. Because Ϫ2 log ϭ 2n i W i , we
have that Ϫ2 log is a sum of G independent chi-square(2) random variables, and therefore it has a chi-square(2G) distribution.
Appendix 3

Derivation of the Confidence Interval for Estimating the Time Separating Extinction Pulses
Here we show that our method for estimating the time between extinction pulses yields a confidence interval with the desired coverage probability (e.g., 95%). Let X denote the observed data, consisting of the times of the fossil finds x 1 , ..., x G . Consider testing the hypothesis H : ϭ ϭ · · · ϭ ϭ t ; for a set of hypothesized extinction times (t os , t br ). Given the hypothesized times (t os , t br ), let R(t os , t br ) ϭ {X : Reject H 0 (t os , t br ) at X} be the rejection region, the set of all observed data sets X for which the null hypothesis is rejected. Let R C (t os , t br ) be the complement of the rejection region, the set of all X for which the null hypothesis is not rejected (i.e., the set of all X that are consistent with the null hypothesis).
For a given data set X, let A(X) ϭ {(t os , t br ) : X ∈ R C (t os , t br )}, the set of all points (t os , t br ) for which X is consistent with extinctions at times t os and t br . Define Lower(X) ϭ (t br min (t ,t )∈A(X) os br Ϫ t os ), the smallest value of t br Ϫ t os separating extinction times that are consistent with the observed data X. Similarly, define in the confidence interval (Lower(X), Upper(X)) for these 95% of possible samples. However, there may be other samples for which is rejected, but for which the difference
